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Quantification of Mixing and Mixing Rate
from Experimental Observations
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A new measure of mixedness, based on entropy considerations, and a related mixing rate are introduced. It is
argued that the time rate of change of the mixedness is proportional to the mixing rate. The new measures are
applied to experimental observations on an axisymmetric jet and an array of jets in crossflow. The concentration
field of an axisymmetric jet is measured at 10 downstream locations by optical imaging of Rayleigh scattering
from a laser sheet. Mixedness and mixing rate are calculated for each of the locations. In agreement with theory,
the mixedness of the self-similar jet is constant along the length of the jet. The measures allow us to locate the
instantaneous realization that is most typical in terms of mixedness and mixing rate. Also analyzed is the mixing
of a row of jets injecting fluid into a crossflow. The jets are sufficiently close that there is significant interaction
between neighboring jets. The mixedness and mixing rate were calculated. Well-mixed regions have a low mixing
rate, whereas poorly mixed regions tend to mix most rapidly. The mixedness and mixing rate allow the assessment
of the effectiveness of different orifice shapes in promoting rapid mixing.

Introduction

IXING processes play a vital role in the operation of com-

bustors for air-breathing propulsion systems. This paper is
concerned primarily with the nature of these mixing processes and
how they can be assessed in quantitative terms from data acquired
using advanced laser imaging techniques. A longer-range goal of
this research is to develop methods and criteria for the management
and prediction of the mixing process. A measure of mixedness based
on configurational entropy is introduced and related to the mixing
rate. The measures are applied to the mixing of an axisymmetric jet
and to an array of jets in crossflow that model a specific gas turbine
combustor problem. The methodology is applicable to virtually ev-
ery aspect of technology and engineering in which mixing processes
are important.

An example of a mixing-dominated problem is the gas turbine
combustor. The design and performance of a gas turbine combustor
requires good mixing characteristics to achieve high burning rates,
low soot and oxides of nitrogen (NO, ) formation, and exhaust tem-
perature uniformity. Typically, however, complete mixing can be
accomplished only at the expense of combustor length and pressure
loss. A gas turbine combustor flow path is characterized by three
distinct zones: a primary zone, in which combustion occurs; an in-
termediate zone, in which mixing-driven species recombination (to
lower gas temperatures) occurs; and a dilution zone, in which coolant
air is injected and mixed with the combustion gases to achieve a de-
sired turbine inlet temperature. Specific geometries! to achieve low
NO, emissions for the High-Speed Civil Transport rely on fast mix-
ing either before injection to the combustor or in a quench zone
downstream of a rich combustion zone. Current designs for these
dilution or quench zones resort to a series of round jets, or other ge-
ometric shapes, injecting cold air at right angles to the primary gas
flow to achieve the highest degree of mixing. The rich-burn/quick-
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mix/lean-burn (RQL) combustor uses axially staged burning zones
to avoid stoichiometric mixtures in order to minimize NO, produc-
tion, while maintaining a high level of combustor efficiency. The
quick-mix section is a key technology in order for this combustor
to achieve low emissions. The rate of mixing, however, is strongly
influenced by the hole shape, momentum ratio of the jet/primary
flow, turbulence level, axial distance, etc.

To date, mixing optimization has been largely an empirical
process, and any assessment of induced mixing has been indi-
rectly inferred. Efficient design of such machines requires quan-
titative information about the degree and rate of mixing attained
for different configurations. Laser diagnostic techniques, including
Lorentz/Mie,? Rayleigh® and Raman* scattering, and planar laser-
induced fluorescence,’~® allow quantitative measurements of the
concentration field at single instants in time. Although these tech-
niques continue to mature and begin to be used in the design of
combustion systems, adequate means of ascertaining quantitative
measures of mixing from these data still need to be addressed.

Perhaps the coarsest and most widespread measure of a passive
scalar field is the rms value of fluctuations of concentration about
the mean:

(lo@) = (p@)) M

where p(x) denotes the concentration of the passive scalar at x and
angle brackets denote the ensemble average. The smaller the average
rms fluctuation, the better mixed is the flow. However, although
Eq. (1) furnishes us with information that locates and measures the
fluctuations, it does not address the scales of the fluctuations or the
rate at which mixing occurs. Dahm and Dimotakis® have examined
mixing and entrainment in turbulent jets, paying particular attention
to the large-scale, organized motions. Winter et al.!" have examined
other mixing measures.

We advance new measures of mixedness and mixing rate and
apply them to experiments. The first experiment examines the rela-
tively simple axisymmetric jet. The second models the quench zone
of a gas turbine combustor and consists of a pair of directly opposed
rows of jets injecting fluid into a crossflow. In the following section,
we describe the experimental arrangements. The measures of mix-
ing and mixing rate then are introduced, after which we discuss the
results of applying them to the experimental data. Although the data
that are analyzed are from a physical experiment, the methodology
is applicable generally and could just as easily have been applied to
a computationally generated database.
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Description of Experiments
Axisymmetric Jet
In the first experiment, an axisymmetric jet, equipped with a
.coflow, was used to flow propane through a central orifice of diam-
eter 4 mm. The Reynolds number based on the orifice diameter was
8 x 103, The flow was intersected at 1,2, ..., 10 diameters down-
stream by a sheet of 532-nm laser light produced by a Nd:YAG
laser. The Rayleigh-scattered light was recorded on an unintensi-
fied, thermoelectrically cooled charge-coupled device (CCD) cam-
era. The purpose of the coflow (velocity 5 cm/s) was to prevent
extraneous dust from entering the imaged region. After correction
for background and optical response, images were obtained in which
the intensity was proportional to the flowfield concentration. Typical
images from 2,4, 6, and 8 diameters downstream are shown in Fig. 1.
We remark that instantaneous profiles are top-hat shaped, rather than
smoothly decaying like the mean profile (not shown). This observa-
tion is in agreement with that of Dahm and Dimotakis®: It implies
that unmixed fluid is entrained deep into the jet and suggests that
the jet is poorly characterized by the mean profile.

RQL Model

The second experiment was directed toward subsonic jets in con-
fined crossflow. Such problems previously have been studied exper-
imentally by Vranos and Liscinsky.!! In their experiment, advanced
data acquisition techniques using optically based diagnostics'? fur-
nish us with a wealth of detailed and highly resolved data. Figure 2
is a schematic representation of the apparatus, which consisted of
three parallel contiguous ducts of rectangular cross section, simu-
lating a sector of an annular combustor. Sector width was 305 mm
and the inner duct height was set at 50.8 mm for the reported exper-
iments. The outer ducts (shrouds), which supply the injectant gas,
were 25 mm in height. These are separated from the inner duct by
removable, 3-mm-thick flat plates. The injectant was fed from the
shrouds to the inner duct through orifices of various sizes and shapes
machined into the plates. Jet fluid was injected from the upper and

the lower walls through orifices consisting of either round holes or
slanted slots (see Fig. 2). Mass flow to each of the three ducts was
controlled independently using venturi flowmeters. The maximum
variation in the mean approach velocity of the mainstream flow was
6% with a turbulence level of 1.3%. Air was both the injectant and
central duct fluid, so that the density ratio was one.

Planar digital imaging was used to optically measure concentra-
tion distributions in planes perpendicular to the duct axis, starting at
the leading edge of the orifice and continuing downstream to a loca-
tion equal to the duct height. The Mie scattering technique® was used
by marking the jet flow with an oil aerosol of submicron-sized parti-
cles. A light sheet (0.5-mm thick) was created using a 2-W argon-ion
laser and a rotating mirror. The flowfield was illuminated by passing
the light sheet through a window in the side wall of the test section.
An image-intensified thermoelectrically cooled CCD camera (Pho-
tometrics Star 1), located inside the duct 0.76 m downstream of the
orifice centerline, was focused on the illuminated plane to provide
an end-on view. The camera was synchronized to make instanta-
neous exposures coincident with the sweep of the beam through the
flowfield. The image was digitized and sent to a computer for stor-
age. (The data acquisition scheme is described in detail by Liscinsky
etal.12) After correction for background and response, the scattered-
light intensity was proportional to the number of particles in the

imaging planes
-\

shroud flow ———p image intensified

CCD camera

T Jet flow

Fig.2 Schematic diagram of RQL model experiment.

b)

d)

Fig. 1 Typical snapshots of concentration field from an axisymmetric jet downstream from the orifice at a) 2, b) 4, c) 6, and d) 8 diameters.
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d)

Fig.3 Typical snapshots of concentration field downstream from two
opposing rows of circular injectors. Fluid is injected vertically from the
top and the bottom of the pictures, and the crossflow is directed out of
the picture. Each snapshot is labeled with its entropy s that measures
its mixedness, as discussed in the text. Snapshots are at a) 0.87, b) 1.28,
¢) 1.88, and d) 4.26 diameters downstream of the center of the orifices.

measurement volume. If only one of two streams is marked (in
this study, the jet fluid), the light intensity of the undiluted marked
fluid represents mole fraction unity. Instantaneous realizations of
the mole fractions at four different downstream locations are shown
in Figs. 3 and 4 for round holes and slanted slots, respectively. In
Figs. 3 and 4, fluid is injected vertically from orifices at the top and
bottom edges of the picture into a crossflow out of the page. One
hundred realizations, each in a 576 x 388 format with 10-bit resolu-
tion, were recorded at each downstream location for each of the two
injectors. Average concentration fields are shown in Figs. 5 and 6.
Here, too, the smoothly decaying average concentrations are poor
representatives of the instantaneous concentration profiles produced
as unmixed ambient fluid is entrained close to the cores of the jets.

Mixedness and Mixing Rate

In this section, we introduce a new measure of mixedness, based
on entropy, and relate it to the rate of mixing in the fluid. The basic
approach follows arguments given in statistical mechanics.!> We
mention in passing that Pope'* has used an entropy principle to ob-
tain probability distribution functions in related flows. We proceed
generally and partition the concentration field p(x) into a grid of

a)

Fig.4 Typical snapshots of concentration field downstream from two
opposing rows of slanted slot injectors. Measured in units of the diam-
eter of a circular orifice with the same diameter, the snapshots are at
downstream of the center of the orifices at a) 0.63, b) 1.0, c) 1.64, and
d) 4.00 diameters.

cells, for the present p represents the concentration in three dimen-
sions. If the mixing species is comprised of » identical molecules,
we denote the number of molecules in the Ith cell as n;, so that if
the-cell centered at x; has volume Jx,

px)éx~n; 2

Sm=n )
1

The measured concentration distribution can be achieved by

and

n!
—_— 4
nl!nzl...m! ()

arrangements of the molecules (not counting arrangements that
are indistinguishable). When the fluid is poorly mixed so that the
molecules are concentrated in just a few cells, the number of dis-
tinct arrangements is small compared with that in a uniformly mixed
fluid, in which there are the same number of molecules in each cell.
The configurational entropy of the distribution is

n!
= lh—— = | — !
S Kml_[lnl! lwn! Ez b my! ©)
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Fig. 5 Average concentration field downstream from two opposing
rows of circular injectors.

If we use Stirling’s approximation, i.e., thm! &~ mbuvm — m, we
obtain

S%nﬂmn—Zn,Bn,nl 6)
1

When the number of scatters in each image plane is constant, we
can drop nlwn and write

==Y mbum Q)
1

Next, we consider entropy per unit density, s = S/ pg, where p is
a reference value. Then, up to a constant (provided that the number
of scatters in the image plane is constant), s is given by

s=— ﬁ&uf-dx=—/aﬂwadx 8
Po Po
where o = p/py.

Figure 7 exhibits the entropy for four different snapshots. These
data are Mie scattering images collected downstream of two rows
of round holes injecting fluid. The entropy clearly agrees with the
intuitive notion of mixedness: The panels with high entropy are
better mixed than those with low entropy. Note that all four panels
come from a single flow condition. The wide variation in mixedness
makes visual assessment of the average degree of mixing difficult.
The average entropy, however, characterizes the mean mixedness.

Also shown is the rms concentration fluctuation, [[ (o — pp)?
dx]"/2, for each frame. The entropy distinguishes between the middle
frames, which have the same rms fluctuation. We point out that,
when the fluctuations are small, so that p(x) &~ po[l + €o’'(x)]
and [ p'(x)dx = 0, the entropy is well approximated by the rms
fluctuation divided by the mean concentration.

Fig. 6 Average concentration field downstream from two opposing
rows of slanted slot injectors.

Although we wish to apply our measures to snapshots, hence
two-dimensional fields, it is advantageous to continue to develop the
framework in three dimensions. We start with the diffusion equa-
tion

%j; +V.-(ou) =«Vi 9

which governs mixing. The (turbulent) flow u is taken to be incom-
pressible, V - u = 0. Data analysis of concentration fields is based
on averages over many images, and thus among other reasons, we
should consider ensemble averages. This is denoted by angle brack-
ets or bars, e.g.,

(wy=mu (10)
If we write
u=u+u (1)
then it follows that
Viu=0=V-u (12)

If Eq. (11) is substituted into Eq. (9) and an ensemble average is
performed, we obtain

%%.,_V.(af,)q-v.(a?) =KV (13)

For conceptual purposes it is convenient to replace the turbulent
mixing ou’ with an eddy diffusivity «,; hence

ou = —k, V& (14)
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d) s = —0.09, rms = 2009

Fig. 7 Entrophy as a measure of mixedness. The four snapshots, all
from the same station under the same flow conditions, are marked with
the entrophy s that measures the mixedness of the snapshot.

Thus, Eq. (13) becomes
G . _
m +V.(@u)=V-[(k+«k)Vo] (15)

We introduce
h=-— / o lho dx (16)

which, in the present framework, is the counterpart of H in Boltz-
mann’s H-theorem.!S From this, it follows that

_g
ar

_. 06
- _fa o) S d (17
=/V-[ﬁ&ﬂm&—(lc+lce)V5']dx

512
—/(x+xe)@dx (18)

Because it - n = n - Vo = 0 on the boundaries of the domain, it
follows that
dh

T =4f(x+xe)(V&%)2dx 19

Because & measures the mixedness, we call the quantity
R= / (Vo i) d (20)

the rate of mixing. A similar quantity for measuring mixing appears
in Ref. 10.

To relate these considerations to two-dimensional concentration
fields, we focus for the moment, on the case of our axisymmetric
jet. We denote the streamwise variable by z and integrate Eq. (17)
into the transverse plane:

0 a [_, .
—Et'hZ(z' t) = —s;/afwadxdy
K] _ R
= f [gz(uzaﬂwo‘) + V- (20 Kw")] dxdy

- f(l + o)V - [(k +«,)Valdx dy (21)

Here, @i, = (iiy, it,) and V, = [(3/0x), (3/3y)].

To proceed further, we adopt the reasonable assumption that
streamwise derivatives are small compared with transverse deriva-
tives, so that V - [(x + «,) V&3] = V,[(k + k) V,6]. On introducing
this into Eq. (21) and proceeding as in Eq. (20), we obtain

T Uk =4 [ ey @)

U is a suitably defined streamwise velocity, e.g., the centerline mean
velocity yields a good approximation.

The development just presented furnishes a guide for more gen-
eral jet flows, viz., we can regard z as the curvilinear distance along
the jet centerline and (x, y) as the transverse directions. The jet in
crossflow is representative of a more general flow. For technical
reasons, it was not possible to acquire images in planes perpendic-
ular to the flow direction, which somewhat compromises the results
given later, because the number of scatterers in image planes at dif-
ferent stations may be different, which means that the term nfwn in
Eg. (6) cannot be neglected. However, the mean flux at each station
(as measured by the mean scattered light) is approximately constant
and the analysis has, at least, a comparative value.

Although this theoretical analysis has considered the entropy of
ensemble averages of the concentration, it is also of interest to ex-
amine the distribution of the entropies of individual snapshots of the
flowfield. To this end, an entropy and mixing rate can be calculated
for each snapshot. (Again, care must be exercised if the image planes
are not normal to the mean flow.) This view furnishes information
on the fluctuations in mixedness at a particular station. We remark
that, because individual snapshots generally are not as smooth as
the ensemble average, their entropies are more negative than the
entropy of the ensemble average.

Results
Axisymmetric Jet
Entropies s and mixing rates R were calculated for instantaneous
concentration fields of the axisymmetric jet at z = 1,2,...,10

diameters downstream of the orifice. Unlike the combustor experi-
ment, the jet is not confined to a fixed cross-sectional area but ex-
pandsin a self-similar manner so that its radius 7 (z) is proportional to
the downstream distance z. [Defining r(z) = (f pr? dr)/([ pr dr),
this was experimentally verified for the jet described here, when
z > 3 diameters.] Although the jet is not fully self-similar in the re-
gion3 < z < 10,i.e., the velocity profiles are not yet self-similar, it is
sufficiently far from the orifice for only one length scale, the distance
from the orifice, to be relevant. There is no dimensionless combi-
nation involving z, other than a constant, on which the entropy (a
dimensionless quantity) may depend. Sufficiently far downstream,
therefore, we can expect the entropy to be constant, provided that
an appropriate domain for calculating s is chosen. The correct do-
main should be consistent with the self-similar expansion of the jet;
that is, it should be calculated in a domain that grows in propor-
tion to the jet radius. This choice of domain also ensures that the
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Fig. 8 Entropy in the axisymmetric jet as a function of distance from
the orifice. Each symbol represents an individual measurement, and the
line joins the average entropies at each measurement station. Entropy
is calculated over a domain that is normalized to the jet diameter.

number of scatterers in each image plane is constant, permitting the
approximation made in Eq. (6).

Figure 8 shows entropy at each of the longitudinal stations, calcu-
lated for circular domains embracing the jets, with radii proportional
to the local jet radius. The average of the instantaneous entropies
at each station also is shown. The calculated entropy is consistent
with the scaling expected from the self-similar expansion of the
jet. The departures at the first two stations can be attributed to the
still-developing, undermixed flow close to the orifice and to resid-
ual out-of-focus images of the orifice itself, which are prominent in
images recorded at the first station and visible in those recorded at
the second.

RQL Model

The entropy and mixing rate have been calculated for ensem-
bles of concentrations measured downstream of two rows of ori-
fices modeling the injector configuration in a gas turbine combustor.
Figure 9 shows the mixing rate R plotted against the entropy s. Each
individual symbol corresponds to a particular snapshot, and differ-
ent symbols denote different locations and orifice shapes (diagonal
slots or holes). At locations closest to the orifices, the entropy and
the mixing rates are high, indicating a poorly mixed flow that is mix-
ing rapidly. Farther away from the orifices, the flow is better mixed,
and the rate of mixing has declined. There is clearly considerable
scatter in both the entropy and the mixing rate at each location, but
the average quantities lie on a well-defined locus.

Figure 10 compares the entropy as a function of downstream dis-
tance for the mixing flows generated by circular and slanted slot
orifices. The area of the slots was equal to the area of the circular
holes. Distances are measured from the center of the rows of orifices,
and are stated in units of the circular hole diameter. Consequently,
the leading and trailing edges of the slots extend farther up- and
downstream than the circular holes. This means that the slots begin
mixing before the holes, which is reflected by the lower entropy
(better mixed) for the slots at less than one diameter downstream.
Farther downstream, the flows generated by the slots and holes can
be said to be equally mixed, and little advantage is to be gained
by using one or the other orifice shape. It is to be expected, how-
ever, that different orifice shapes will enhance or deplete the rate
of mixing in flows in which the momentum of the injected fluid is
less.

Note that the image planes were not normal to the mean flow di-
rection, which bends as the injected fluid is entrained into the main
flow. Consequently, the assumption that the number of scatterers in
each image plane is constant may not be warranted. Technical limi-
tations precluded making the image planes normal to the mean-flow
direction and, in any case, it is of interest in engineering applications
to assess the degree of mixedness at specific distances from the ori-
fices. This means that our theoretical development cannot be applied
without some caution; nonetheless, the entropies of the snapshots at
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Fig.9 Mixing rate R plotted against entropy s. Each symbol represents
an individual snapshot. Measurement stations are designated by sym-
bols shapes, and the downstream location is indicated by the numbers
by each cluster.
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the various locations permit comparisons of the efficacy of different
orifices.

Also, we note the important difference between s [Eq. (8)] and
h [Eq. (16)]. Without ensemble averaging, we obtain an almost
reversible process, in which the relatively small molecular diffusion
k accounts for irreversibility; s is the appropriate entropy in this case.
With the introduction of averaging, the much larger eddy diffusivity
k. appears [Eq. (14)] and & is the appropriate entropy. Both values
of entropy are shown in Fig. 10.
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Plots such as Fig. 9 allow us to locate the most typical snapshot
in terms of mixedness and mixing rate: That is, the snapshot with
coordinates (s;, R;) closest on the graph to the mean ((s}), (R)). In
fact, the typical snapshots shown in Figs. 3 and 4 were selected in
exactly this manner. These typical snapshots are clearly quite dif-
ferent from the mean concentration fields g (x), in which only large
scales survive, and are impossible to locate without an objective
measure of mixing.

Summary and Conclusions
This paper focuses on the quantification of mixing and mixing
rate. We introduce new measures: the mixedness or entropy # and
the mixing rate R. In many circumstances it is expected that the
following relation holds:

%‘:4[(”:@)(%%)2@ 23)

Entropies are calculated for instantaneous cross-sectional measure-
ments of a self-similar axisymmetric jet and the mean entropy is
found to be constant along the jet, in agreement with scaling argu-
ments.

The entropy and mixing rate are calculated for ensembles of con-
centrations collected at different locations in an experimental model
of a gas combustor quench region. The wide variation in mixedness
at any single station makes visual assessment of the degree of mix-
ing difficult. The average entropy and mixing rate characterize the
flows and provide objective criteria to allow optimization of the
orifice shape to promote rapid mixing.
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